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Fig.1 Theeffectof P on lagl.

Substitute Eq. (10) into Eq. (9) and evaluate rand the a,’s
rp= M (1% 7.)/21+i(ne *wp)1/c; j=1,2 (an
and

a(t) =A,®,(r;,1+b;RP,) e + A,®,(r,, 1—b;RP;)e”

(12)
where
R=i(I,/I)(1/c) . (13)
b=(I/C)[(Mq/I)T°°+iw0] (14)
and,’
« (RPI)”H(r1,2+k—1)
k=1 ,
®,,(r; 1 *B;RP =1 + ) (15)

n=1

nt [ (k=)
k=1
A, , are determined by the initial conditions. Observing Eq.
(8), (11), (12) and (15) one notes that for
M,<0; <0 (16)
(K;/K;) <0 amn

for all £. _ :
A similar solution can be found for p, #0.

Numerical Calculations

To check these results, an example that causes Eq. (5) to
become positive at ¢~0 was run on a 6-D Computer
Program,* at the University of Notre Dame. The results are

Table1 Data for computations

CMp(x = 0 .

Gy, = —1.76 1/rad

CM,, = —8.80 1/rad
Cy, =-—0.881/rad '

wg =10rad/sec

| 4 = 1000 ft/sec

o =0.002309 slugs/ft*
g =1.15 degrees

I, =0.1 slugs-ft?

T =1.0 slugs-ft 2

d =0.5ft

At =integration =0.001 sec
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shown in Fig. 1. The data for the computation are presented
in Table 1.

Conclusions

The final conclusion is that L, cannot cause A\; to become
positive during flight for any interval of ¢, and should not,
therefore, restrict P,, or P,. However L, should be con-
sidered in the process of evaluating other aerodynamic coef-
ficients from flight data. For this purpose one has to verify
that the approximate solution of Eq. (5) is in accordance with
the exact solution.
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Bounds for the Critical Load of Certain
Elastic Systems under Follower Forces

: C. Sundararajan*
Foster Wheeler Energy Corporation, Livingston, N.J.

Introduction

LASTIC systems subjected to follower forces are, in

general, nonconservative in inature, and they can have
both static and dynamic instabilities, called divergence
(buckling) and flutter, respectively.! However, there is a class
of follower force systems, called the divergence type systems,
which can have only divergence instability (see, for example
Refs. 2-41). In this Note, an approximate Rayleigh-quotient-
type solution for a class of divergence-type systems is presen-
ted, and the approximate solution is shown to be either an up-
per or lower bound to the exact solution, depending on the
choice of the approximating deflection function.

Elastic System

Consider an undamped, one-dimensional, linearly elastic
system occupying a length £. Let the equation of motion be

m(d?w/de?) + K(w) +P.F.(w) +P,F,(w)=0 )
and the boundary conditions be
B(w)=0 )]
where

x =spatial coordinate of the system

t =time ’

w =predominant deflection of the system from the
equilibrium position, w=w(x, )

m =mass density of the system, m=m(x)

P, =conservative component of the external forces

P, =nonconservative component of the external forces
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K =a self-adjoint operator in x, representing the stiff-
ness of the system

F. =a self-adjoint operator in x, describing the distri-
bution of the conservative component of the ex-
ternal forces

F, =a non-self-adjoint operator in x, describing the
distribution of the nonconservative components of
the external forces

and

B =a self-adjoint operator in x, representing the boun-
dary conditions

The force components P, and P, may be related to a single
force parameter P by

P.=Pp, (3a)
P,=Pp, (3b)

Though Egs. (1) and (2) describe a nonconservative system,
which may or may not be of the divergence type, let us restrict
the investigation to divergence-type systems only. Also, let the
work done by the nonconservative component of the external
forces during any admissible motion be zero, i.e.,

S:)Fn(¢)dX=0 @)

where ¢ (x) is a function which satisfies the boundary con-
ditions (2).
Let the solution of Eq. (1) and (2) be written in the form

w(x,t) =e™' y(x) 3)

where w is the frequency of vibration and i=(—1) "*. Sub-
stituting Eq. (5) in Eq. (1), we get

_mw2y+K(y)+P0Fc(y)+PnFn(y)=0 (6)

Corresponding Conservative System

When the nonconservative component of the external for-
ces P, is zero, and the conservative component P, alone acts
on the system, it is called the ‘“‘corresponding conservative
system.’’ 2% The equation of motion is given by

-m&’v+ K@) +P.F.(v)=0 )
and the boundary conditions are given by
B(v) =0 (3

where @=frequency of vibration of the corresponding con-
servative system, and v =wv(x) = predominant deflection func-
tion of the corresponding conservative system. Let the first
eigenmode of Eq. (7) and (8), at @ =0 be v,(x). This is called
the fundamental buckling mode of the corresponding con-
servative system.

Corresponding ¥ree System

When both of the conservative and nonconservative com-
ponents of the external forces P, and P, are zero, the system
is called the “‘corresponding free system.’” The equation of
motion is

—mQ?u+K(u)=0 )
and the boundary conditions are

B(u)=0 ) (10)
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where Q=natural frequency of the system, and u=u(x)
=predominant deflection function. Let the first eigenmode of
Eqgs. (9) and (10) be u; (x). This is called the fundamental
vibration mode of the corresponding free system.

Approximate Solutions

Let us obtain an approximate solution to the corresponding
conservative system, Eq. (7) and (8), by approximating the
deflection function by the fundamental vibration mode of the
corresponding free system, i.e.,

v(x)=u;(x) an
The Rayleigh quotient is
4 &
So K(u; )uldx+PcSO F.(u;)u;dx

@2, = p 12)
So m uidx

where @,, is an approximation to . This is a straight line
in the load-frequency square plane, and may be called the
“Rayleigh line”’ (Fig. 1).

A similar approximate solution to the nonconservative
problem, Eq. (6), is

{ ¢ ¢
SOK(u,)u,dx-i—PCSOFc(u,)uIdX-fP,,SOF,,(u])uIdX

?
S m uidx
0
13)

where w,, is an approximation to w. The last term of the
numerator is zero, because of Eq. (4), and hence the left-hand
side of Eqgs. (12) and (13) are identical. So, both the non-
conservative system and the corresponding conservative
system have the same Rayleigh line.

The Rayleigh line passes through the point wj=@3=02,
where w, and @, are the values of « and @, respectively,
at P=0; also, the Rayleigh line is an upperbound to the first
branch of the eigencurvet (load vs frequency square curve) of
the corresponding conservative system. Huseyin and
Leipholz®1 have shown that the fundamental eigencurves of
the divergence-type nonconservative system and the
corresponding conservative system are tangential to each
other at wj =&} =07, and that the fundamental eigencurve of
the divergence-type system is not convex towards the origin.
From the above three conditions, we conclude that the
Rayleigh line is also an upper bound for the fundamental
eigencurve of the nonconservative system under con-
sideration.

An approximate critical load for the nonconservanve
system can be obtained by letting w?,, =0in Eq. (13):

Pow=[~ |, Kapuax [[p.f, Feunmax]  as)

where P,,, is an approximation to the critical load P,,. Since
the Rayleigh line is an upper bound to the eigencurve,

PchPcr,u (15)

tHencéforth, the first branch of the eigencurve will be called the
fundamental eigencurve.

tReference 3 deals with a discrete N-degree-of-freedom system,
valid for any positive integer value of N. Since a continuous system
can be approximated to an N-degree-of-freedom system by Galerkin’s
method, and the absolute and uniform convergence of the Galerkin’s
method has been established for a wide class of one-dimensional non-
conservative systems, > the results of Ref. 3 are valid for the present
one-dimensional system under investigation.
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Fig. 1 Eigencurves: A) Rayleigh line; B) eigencurve of the non-
conservative system; C) eigencurve of the corresponding conservative
system.

The exact critical load of the corrésponding conservative
system is
[
- | K@i
P.,= - ' (16)
pcSOFc(UI)UIdx

Let us now obtain an approximate critical load for the non-
conservative system, using the fundamental buckling mode of
the corresponding conservative system as the approximate
deflection function, i.e.,

y(x)=v,(x) an
Using Galerkin’s method, we get:
?
- goK(UI)UIdx
P,,= (18)

¢ ¢
PcSOFc(UI)UIdX"'PnSan(UI)UIdX,

The second term in the denominator is zero, because of Eq.
(4). Comparison of Eqs. (16) and (18) yields,

Pcr,z):Pcr (19)

Leipholz and Huseyin? have shown that the critical load of
the corresponding conservative system is a lower bound to the
critical 1oad of the preceding divergence-type nonconservative
system, i.e.,

P.=P, (20
From Egs. (19) and (20),
P(‘I'ZPCI',U (21)

Equations (12) and (21) may be summarized by the
following Theorem: the approximate critical load of an un-
damped, one-dimensional, divergence-type nonconservative
elastic system, in which the work done by the nonconservative
component of the external forces is zero, is an upper bound, if
the deflection of the system is approximated by the fun-
damental vibration mode of the corresponding free system, it
is a lower bound if the deflection of the system is ap-
proximated by the fundamental buckling mode of the
corresponding conservative system.
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Experimental Investigation of Under-
expanded Exhaust Plumes

Jean-Claude Lengrand, * Jean Allégre,t and
Michel Raffint
Laboratoire d’ Aérothermique du Centre
National de la Recherche Scientifique, Meudon, France

N a recent paper,! one of the authors presented an ap-

proximate model for calculating highly underexpanded
rocket exhaust plumes. The aim of the present work is to com-
pare original experimental results with the predictions of the
reported model. i

Calculations

Our calculations are based on the following assumptions:

1) The flowfield is divided into two regions separated by a
thin viscous layer: the external atmosphere and an inner
region, where the exhaust gas is unaffected by the external at-
mosphere, and thus behaves as in a vacuum expansion. >

2) Within the inner region, the streamlines are radial, the
local velocity U is equal to its limiting value U,, and the
evolution is isentropic along the streamlines. The exhaust gas
is assumed to be perfect with constant specific heat ratio v.
Considering polar coordinates R, § centered on the source, the
continuity equation yields

(0UL)/(p.U.) =A f(6)/R?, with f(8=0)=1 M

where p is the density, A is a constant, and the subscript e
refers to the nozzle exit conditions.

3) The inner region is divided into two parts®: for small
polar angles (#<6,), the gas originates from the isentropic
core of the nozzle, whereas for large polar angles (6>6,), the
gas originates from the nozzle boundary layer. Semiempirical
expressions for f(8):in both regions have been proposed by
Boynton* and Simons. * Details of the model may be found in
Ref. 5. It essentially consists of the model described in Ref. 1,
except for some improvements which allow calculations with
thick nozzle boundary layers to be made. Thus, the equation
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